In this paper, we study the dilation limit of solutions to the Ricci flow on manifolds with nonnegative curvature operator. We first show that such a dilation limit must be a product of a compact ancient Type I solution of the Ricci flow with flat factors. Then we show under the Type I normalized Ricci flow, the compact factor has a subsequence converge to a Ricci soliton.
Introduction
Let M be a complete Riemannian manifold. A maximal solution to the Ricci flow
on M is a time-dependent family of complete Riemannian metrics g(t). M is either compact or complete noncompact with bounded curvature at each time t, and we assume that the Riemannian curvature |Rm| becomes unbounded at some finite time T . Furthermore, we assume that the curvature operator of the initial metric is nonnegative. It is well-known that the nonnegativity is preserved by the Ricci flow. One way to analyze the singularities for the Ricci flow is to study singularity models. The basic idea is to blow up maximal solutions around points where the maximum curvature occurs, reparameterize in both space and time, and then take a limit. We can classify all the singularity models into three types according to their curvature growth: ancient, eternal and immortal solutions. It is worthy mentioning that even the original manifold is compact, the limit can usually be complete noncompact.
The study of singularities of the solutions has been one of the main interesting topics in Ricci flow and other geometric evolution equations. In particular, the analysis of the singularity models tells important information about the geometric and topological structure of the manifold.
The general principle of dimension reduction has been a useful tool in the study of singularities of minimal surface theory and Harmonic map theory. The main idea is after having taken a limit of a sequence of dilations to get a singularity model, one can take another sequence of origins going out to infinity and shrinking back down to get a new limit of lower dimension. In [Ham95b] , Hamilton brought this idea to study singularities of the Ricci flow on manifolds with nonnegative curvature operator, and he used this idea to study the singularity formation of the Ricci flow. In [Cao04] , H.D. Cao used the similar idea to study the formations of singularities of the Kähler-Ricci flow on noncompact complex dimension n = 2, with bounded nonnegative bisectional curvature.
There is one important geometric invariant which is very useful in the theory of dimension reduction in Ricci flow. On a complete noncompact Riemannian manifold, let O be an origin, s = s(x) be the distance to the origin, and R(x) be the scalar curvature. One can define the asymptotic scalar curvature ratio (or ASCR) by
It is well-known now that this definition is independent of the choice of an origin and invariant under dilation. It is also worthy pointing out that on a complete ancient solution with bounded nonnegative curvature operator, the ASCR(g(t)) is a constant in time t.
It was first point out by Hamilton in [Ham95b] that if the ASCR(g(t)) = ∞, then one can pick up a sequence of points going out to infinity and perform dimension reduction, and then get a limit which splits as the product of a lower dimensional manifold with flat factors. More details can be found in the wonderful new book [CLN07] of Chow-Lu-Ni.
The rest of this paper is organized as follows. In section Two, we will first refine Hamilton's dimension reduction theorem and then state our main theorems. In section Three, we will discuss the details of Type I solution to the Ricci flow and Type I normalization. Then in sections Four and Five, we will prove the subconvergence to a Ricci soliton.
Dimension Reduction
Let us first recall the following dimension reduction theorem that Hamilton proves in [Ham95b] . Notice that in the above theorem, Ω could be infinity. And the injectivity radius estimate now follows from Perelman's work [Per02] .
Our first theorem is:
Theorem When the solution is Type I, there is a different normalization of the Ricci flow other than the standard one (which preserves the volume). We can dilate the space such that the maximum curvature is always bounded.
Our second theorem says that the above N n has a subsequence converges to a gradient Ricci soliton under the type I normalized Ricci flow: 
Type I Solution
In this section, we discuss more details about Type I solution to the Ricci flow. Consider a maximal solution (M, g(t) ) to the Ricci flow on a manifold M for 0 ≤ t < T , where either M is compact or at each time t the metric g(t) is complete with bounded curvature, and either T = ∞ or |Rm| becomes unbounded as t → T . Let M (t) denote the maximal curvature at time t:
We call a maximal solution is Type I if we have T < ∞ and
If we assume that the curvature operator is nonnegative here, we can then replace the Riemannian curvature by scalar curvature in the above definition, i.e.,
M (t) = sup x∈M

R(x, t).
So for a Type I solution, we have
In the study of the Ricci flow, sometimes it is easy to study normalized flow. For example, in [Ham82] , such that after rescaling, the maximum curvature is always bounded by some constant C.
More precisely, we let
(t).
Hence the curvature now satisfies
|Rm(x,t)| = (T − t)|Rm(x, t)| ≤ C.
It is easy to verify that (M,g(t)) now satisfies the following evolution equation:
We call this Type I normalized Ricci flow. N. Sesum told us later that this flow is same as her τ -flow when τ = 1. By applying Hamilton's compactness Theorem (see [Ham95a] ), we have the following theorem: (N, h(t) ) which is also a solution to the Type I normalized Ricci flow.
Theorem 4 Let (M, g(t)) be a type I solution of the Ricci flow, where M is a compact Riemannian manifold, then under the Type I normalized Ricci flow, the solution exist all time. The curvature is bounded all time. And as t → ∞, the solution has a subsequence converges to a (possibly complete) Riemannian manifold
Remark. In the above theorem, the injectivity radius bound follows from Perelman's result in [Per02] .
Proof of Theorem 2
Before we start proving our theorem, we need the following result of Perelman:
Proposition 1 (Perelman [Per02] Otherwise we can always try to dilate N n again by R max at each time and take another limit. Then either we will get a complete limit with ASCR = ∞, hence we can perform another dimension reduction, and we will get at least another flat factor R 1 , which will contradict that k is maximum, or we will get a complete limit with ASCR < ∞, which contradicts Proposition 1. That means the only possible limit N n we get is a compact type I, ancient solution to the Ricci flow with bounded diameter comparable to maximum curvature at any time. q.e.d.
Proof of Theorem 3
In this section, we show that the solution of the Type I normalized Ricci flow:
exist all time and has a subsequence converge to a Ricci soliton. Notice for our solution (N, g(t) ) to the Ricci flow, we have nonnegative curvature operator and the scalar curvature satisfies: The subsequence convergence now follows similarly as in the proof of [Ses04] , which says that if the solution to the τ -flow exists all the time, the curvature and diameter are bounded, then there exists a subsequence which converges to a Ricci soliton. In fact, the τ -flow and the Type I normalized Ricci flow differ only by a constant factor.
